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Abstract

Mathematical thinking in non-routine problem solving involves more than obtaining correct
answers; it also concerns how students select starting points, relate mathematical information,
consider possibilities, and justify their decisions. This study examined how Grade 8 students’
mathematical thinking processes appeared while solving KenKen puzzles using Stacey’s
framework of specialization, generalization, conjecturing, and convincing. A qualitative
descriptive design was used with eight students selected from one Grade 8 class based on
contrasting response patterns in an introductory KenKen task. Data were collected from
students’ written solutions to four KenKen puzzles and task-based retrospective interviews and
were analyzed deductively using operational definitions of the four processes. The findings
show that the four processes were interrelated and varied across the initial performance profiles.
Students in the higher profile more consistently coordinated puzzle constraints, generated and
checked possible combinations, and provided mathematical justifications. Students in the
intermediate profile demonstrated similar processes but with more revisions, particularly on the
4x4 tasks. Students in the lower profile experienced greater difficulty coordinating permissible
numbers, cage conditions, and row—column restrictions. The study contributes qualitative
evidence of how Stacey’s four mathematical thinking processes become visible when students
solve a puzzle requiring simultaneous coordination of multiple constraints. The findings also
suggest that KenKen can provide teachers with a structured context for observing students’
reasoning and identifying areas where instructional support is needed.
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Introduction

Mathematics education is expected to develop students’ ability to reason, make connections,
and solve problems that cannot be addressed through routine procedures alone. These abilities
are particularly important in the context of 21st-century learning, where students are expected
to apply mathematical knowledge flexibly rather than only perform calculations (Vural & Vural,
2021; Yalti Duma et al., 2024). At the junior high school level, students encounter increasingly
complex mathematical situations that require them to coordinate numerical information,
recognize relationships, and justify their decisions. However, Indonesian students’ performance
in international assessments continues to indicate difficulties in applying mathematics to
problems that require reasoning and problem solving beyond familiar procedures (Nusantara et
al., 2025). This suggests the importance of examining not only whether students obtain a correct
answer, but also how they reason while working through a mathematical problem.
Mathematical thinking involves more than computational fluency. It includes the ways students
explore particular cases, identify relationships, consider possible solutions, and provide reasons
for their conclusions. Schoenfeld (1992) described mathematical thinking as an intellectual
activity in which students make sense of mathematical situations and regulate their problem-
solving activity. Such processes are particularly relevant when students encounter non-routine
problems, because a known procedure may not directly determine the next step. Research has
shown that students who are accustomed to procedural learning may continue to apply familiar
procedures when faced with unfamiliar problems, even when those procedures are not
appropriate (Nguyen et al., 2020). Examining students’ mathematical thinking during non-
routine tasks can therefore provide information that is not visible from final answers alone.
Game-based learning provides one context in which such problem-solving activity can be
examined. Mathematical games can engage students in tasks that require exploration, decision
making, and repeated checking while also providing a structured set of rules and goals
(Cujdikova & Vankus, 2021). Recent research has reported positive associations between
game-based learning and outcomes such as engagement, motivation, creativity, and reflective
thinking (Khoo et al., 2025). However, much of this literature has focused on learning outcomes
or affective responses. Less attention has been given to the reasoning processes that occur while
students are actually solving mathematical game tasks, particularly how students move between
considering particular cases, identifying relationships, proposing possibilities, and explaining
why a solution is acceptable.

KenKen provides a useful setting for examining these processes because solving a puzzle
requires students to coordinate several constraints at the same time. Each cage contains an
arithmetic operation and a target value, while the grid imposes restrictions on the numbers that
may be placed and prohibits repetition within rows and columns. A student may therefore need
to begin with a highly constrained part of the puzzle, use information from already placed
numbers to reduce subsequent possibilities, consider alternative number combinations, and
check whether a proposed placement satisfies the relevant constraints. When a placement
creates a conflict, the student may need to revise the proposed solution and reconsider the
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available possibilities. These features make the reasoning process observable through both
students’ written work and their explanations of how they solved the puzzle.

This characteristic of KenKen is particularly relevant to Stacey’s framework of mathematical
thinking, which identifies four processes: specialization, generalization, conjecturing, and
convincing (Mason et al., 2010). In solving a KenKen puzzle, specialization can be observed
when students select a particular or highly constrained case as a starting point; generalization
when they use relationships among previous placements and puzzle constraints to determine
further possibilities; conjecturing when they propose and test a possible value or combination;
and convincing when they provide a mathematical reason for accepting or rejecting a
placement. The four processes are not necessarily separate stages. A student may move between
proposing a possibility, checking it against constraints, revising it, and explaining the decision
during the same problem-solving episode.

Previous research has recognized KenKen as a mathematical puzzle that can support
mathematical reasoning and provide opportunities for students to engage with arithmetic and
logical relationships (Lipscomb, 2015; Reiter et al., 2011). However, the existing literature does
not sufficiently describe how students’ mathematical thinking processes are manifested while
they solve KenKen puzzles, particularly when the analysis is organized around Stacey’s four
processes. There is therefore a need for qualitative evidence showing what students actually do
and explain when these processes occur, and how the evidence differs among students with
different initial performance patterns. In particular, less is known about how these four
processes interact within the same KenKen problem-solving episode as students coordinate
multiple puzzle constraints. This is especially relevant for junior high school students, for whom
the transition from procedural calculation to more flexible mathematical reasoning is an
important part of mathematical learning.

The present study addresses this gap by examining Grade 8 students’ mathematical thinking
processes while solving KenKen puzzles through Stacey’s framework of specialization,
generalization, conjecturing, and convincing. Rather than evaluating KenKen primarily in terms
of achievement or motivation, the study focuses on the reasoning visible in students’ written
solutions and task-based retrospective interview explanations. The study therefore asks how
these four mathematical thinking processes appear in students’ problem solving and how their
manifestations differ across the initial KenKen performance profiles identified from the
introductory task. By focusing on the processes underlying students’ solutions, the study aims
to provide a more detailed account of mathematical thinking during KenKen problem solving
and to clarify the pedagogical potential of KenKen as a context for observing and supporting
such thinking.

Methods

This study employed a qualitative descriptive design to examine Grade 8 students’
mathematical thinking while solving KenKen puzzles. This design was selected because the
study focused on describing participants’ written problem-solving actions and retrospective
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explanations rather than testing an intervention or establishing causal relationships (Doyle et
al., 2009).

The analysis drew on Stacey’s four mathematical thinking processes: specialization,
generalization, conjecturing, and convincing (Aiyub et al., 2024). These processes were treated
as interrelated analytical categories rather than as stages that necessarily occurred in a fixed
sequence. The unit of analysis was each participant’s problem-solving process as represented
in the written task sheets and audio-recorded task-based retrospective interviews. Table 1
presents the operational definitions used in this study.

Table 1. Operational definitions of Stacey’s mathematical thinking processes

Indicator Operational Definition Evidence examined in
KenKen tasks
Specialization Trying special cases or working from | Selection of a starting
simpler, highly constrained elements | cage, prioritized use of
of a problem to gather information single-cell or heavily
and establish a starting point. constrained cages, and

explanations of why the
solution process began
at a specific point.

Generalization | Identifying patterns, underlying Elimination of invalid
relationships, or general rules from numbers across
observed instances and applying rows/columns, reuse of
them to deduce further constraints. remaining permissible

values, and
coordination of local
cage rules with broader
grid constraints.

Conjecture Formulating a plausible statement, Proposal of feasible
hypothesis, or tentative solution number combinations,
based on available mathematical trial placements,
evidence and testing it against notation of alternative
constraints possibilities, and

revisions made after
encountering a logical
conflict.

Convincing Providing mathematical reasons to Verbal or written
justify why a placement is accepted | reasoning grounded in
or rejected cage arithmetic
operations, target
values, domain of

permissible numbers,
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and row—column non-

repetition rules.

The study was conducted during the odd semester of the 2025/2026 academic year in one Grade
8 class at SMP Negeri 8 Banda Aceh, Indonesia. The university issued a research-permission
letter, and the school approved the research activities. Students were informed about the follow-
up tasks, interviews, and audio recording, and participation was voluntary. The participating
students agreed to take part in the interviews and audio recording. Students’ identities were
protected through participant codes (S-1 to S-8), and the recorded interview data were used
only for research purposes.

The class consisted of 30 students. Before participant selection, the first author reviewed basic
arithmetic operations and introduced the KenKen rules to the class. These included the
permissible number range for each grid, the arithmetic operation and target within each cage,
and the prohibition against repeating a number in the same row or column. Students were also
advised to begin with an easy or highly constrained cage, such as a single-cell cage.

All 30 students then attempted an introductory 3x3 addition—subtraction KenKen puzzle. The
researcher noted differences in correctness, relative independence, errors, revisions, and need
for clarification. Students showing contrasting response patterns were invited to take part in the
main tasks and interviews, and eight agreed to participate.

For analysis and reporting, the eight participants were retrospectively organized into three
initial KenKen performance profiles. S-1, S-2, and S-3 formed the higher initial performance
profile because they completed the introductory task correctly and relatively independently. S-
4, S-5, and S-6 formed the intermediate profile because they generally understood the rules but
made errors or revisions. S-7 and S-8 formed the lower profile because they had difficulty
coordinating several KenKen rules and required repeated clarification or correction.

The profiles were based only on response patterns observed during the introductory KenKen
activity. They were not derived from standardized mathematics tests, numerical cut-offs, report-
card grades, or teacher recommendations and did not represent the participants’ general
mathematical ability. The teacher was not involved in participant selection or categorization.
Codes S-1 to S-8 were used to protect the participants’ identities.

The main instrument consisted of four KenKen puzzles obtained from the collection published
by the Michigan State University Department of Mathematics (2023). The numerical values
and cage structures were used without modification. The task set comprised a 3x3 addition—
subtraction puzzle, a 3x3 multiplication—division puzzle, a 4x4 addition—subtraction puzzle,
and a 4x4 multiplication—division puzzle. The four tasks were selected because their cage
structures and grid constraints required students to coordinate arithmetic conditions with row—
column restrictions, thereby providing opportunities for observing the four Stacey processes.
The tasks were administered in the same order to all participants, beginning with the 3x3
puzzles and continuing with the 4x4 puzzles. Each puzzle required participants to coordinate
the permissible number range, cage operation, cage target, and row—column non-repetition rule.
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No pilot study was conducted before data collection. During manuscript preparation, the second
author checked the alignment among the task characteristics, the available student evidence,
Stacey’s analytical processes, and the reported interpretations.

S-1 to S-6 completed all four tasks. S-7 and S-8 attempted both 33 tasks but did not complete
the two 4x4 tasks before the allocated classroom time ended. Their incomplete work was
retained as evidence of their problem-solving activity.

The primary data sources were the participants’ written KenKen task sheets and documented
excerpts from individual task-based retrospective interviews. Task-based interviews are used
in mathematics education to investigate students’ thinking through interaction around one or
more mathematical tasks (Johnson et al., 2025; Maher & Sigley, 2020).

Data collection took place in two stages. First, participants worked individually on the four
KenKen tasks. The researcher observed their starting points, number placements, questions,
erasures, corrections, and revisions. The written sheets preserved visible traces such as crossed-
out numbers, rewritten values, alternative combinations, and incomplete placements.
Clarification was provided when participants had difficulty recalling or applying the KenKen
rules. For participants in the higher and intermediate profiles, incorrect or nearly completed
solutions were usually followed by a general prompt: “There is still an error; please check
again.” The researcher did not identify the incorrect cell or provide the correct answer. Most
participants located and revised the error after this prompt, although one intermediate-profile
participant required more direct guidance. Participants in the lower profile received additional
clarification when they had difficulty applying the permissible-number, cage-operation, target,
or row—column rules.

After completing or attempting the tasks, each participant took part in an individual
retrospective interview based on their written work. Participants were asked to explain how
they began solving a puzzle, why they chose particular cages or values, which combinations
they considered, how they recognized an invalid placement, and why they revised an answer.
The interviews were conducted after task completion and were therefore treated as retrospective
interviews rather than concurrent think-aloud sessions. Observations made during the tasks
were used to identify particular actions or revisions for further discussion, but they were not
analyzed as a separate source of data. The interview excerpts presented in the Results were
drawn from the interview records and corresponding written task sheets. They were translated
into English and lightly edited for clarity while preserving the intended meaning.

The written task sheets and interview excerpts were analyzed deductively using the four
categories presented in Table 1. The analysis followed the Miles and Huberman model,
involving data condensation, data display, and conclusion (Mezmir, 2020).

The data were organized by participant and task. Each task sheet was examined for the
participant’s starting point, number placements, possible combinations, erasures, corrections,
conflicts, and incomplete work. These written traces were compared with the corresponding
interview explanations and coded as specialization, generalization, conjecturing, or convincing.
The coding focused on the reasoning visible in the available evidence rather than on the
correctness of the final answer alone. A correct solution was not considered sufficient evidence
of convincing unless the participant provided a reason for the placement. A placement was

6
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coded as conjecturing only when the written work or interview explanation showed that the
participant had proposed and checked a possible value or combination.

The analysis first examined how the four processes appeared across each participant’s available
tasks, including differences between the 3x3 and 4x4 puzzles. Participants were then compared
across the three initial KenKen performance profiles, with attention to how they coordinated
permissible numbers, cage operations and targets, and row—column constraints. Differences
among participants within the same profile were retained.

The profiles were used to organize the comparison and were not treated as explanations for
participants’ performance. Stacey’s four processes were also not assumed to follow a fixed
sequence, as participants could move between proposing, checking, revising, and explaining a
placement.

To check the interpretations, the first author compared the interview explanations with the
corresponding written work. The second author reviewed whether the available evidence
supported the assigned categories and the interpretations reported in the manuscript.
Differences were discussed and the analysis was revised where necessary. Cases that did not
follow the broader pattern of a profile were retained.

The university issued a research-permission letter, and the school approved the research
activities. Students were informed about the follow-up tasks, interviews, and audio recording,
and participation was voluntary. The participating students agreed to take part in the interviews
and audio recording. Participant identities were protected using codes (S-1 to S-8), and the
recordings were used solely for research purposes. Eight students agreed to participate. Codes
S-1 to S-8 were used in the research records and manuscript to protect their identities.

Results

The analysis identified specialization, generalization, conjecturing, and convincing in the
participants’ solutions to the KenKen tasks. The four processes were not equally evident across
participants. Differences were observed in how participants selected starting points, used
relationships among constraints, considered possible values, and explained their decisions. The
three initial KenKen performance profiles are used below to organize these differences rather
than to represent general levels of mathematical ability.

Table 2. Initial KenKen Performance Profiles

No Participant Initial KenKen Characteristics
Code Performance Profile
1 S-1 Higher Completed the task correctly and
relatively independently
2 S-2 Higher Completed the task correctly and
relatively independently
3 S-3 Higher Completed the task correctly and

relatively independently; recorded
possible combinations before placement
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4 S-4 Intermediate Understood the basic rules but made
errors and revisions

5 S-5 Intermediate Understood the basic rules but made
errors and revisions

6 S-6 Intermediate Understood the basic rules but made
errors and revisions

7 S-7 Lower Had difficulty coordinating several
KenKen constraints and required
repeated clarification

8 S-8 Lower Had difficulty coordinating several
KenKen constraints and required
repeated clarification

Specialization

In this study, specialization was observed in how participants selected a particular part of the
puzzle as a starting point. Because all participants had previously been advised to begin with
an easy or highly constrained cage during the introduction to KenKen, the analysis focused on
how they applied this strategy when solving the research tasks.

The higher-profile participants generally began with highly constrained cages. S-1 explained,
“I started with the one that only has one box.” S-2 similarly stated, “I chose the easiest one
first.” Their written work showed that these initial choices were followed by further placements
with fewer visible revisions on the 3%3 tasks. On the 4x4 tasks, they made occasional errors
but were generally able to locate and revise them after receiving the general prompt to check
their work. The researcher did not identify the incorrect cell or provide the answer. As shown
in Figure 1, Sample of KenKen Solutions Produced by Higher-Profile Participants on the 3x3
Grid

m T ey WL W .

Figure 1. Sample of a KenKen solution produced by a higher-profile participant on the 3x3
grid
The intermediate participants were also able to begin solving the puzzles, although their
explanations for the initial choice were less explicit. S-4 stated, ‘I just tried this part first.” The
corresponding written work showed that the participant began with the selected cage before
moving to other parts of the grid. This was treated as evidence of specialization because the

8
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participant used a particular part of the puzzle as the starting point, although the interview did
not provide a clear explanation of why that cage was selected. The written solutions of S-4, S-
5, and S-6 contained more revisions than those of the higher-profile participants, particularly
on the 4x4 tasks. As shown in Figure 2, the students’ written work contained incorrect number
placements and subsequent revisions, alongside less explicit evidence of a clear starting
strategy.

Figure 2. Sample of a KenKen solution produced by an intermediate-profile participant on
the 3x3 grid
The lower-profile participants showed greater difficulty deciding where to begin. S-7 stated,
“While working on it, I did try many times. I was confused about where to start.” S-8 also
showed difficulty applying the permissible-number rule together with the row—column
restriction, stating, “I thought any number could be used, as long as it wasn’t the same in the
same row or column.” Their written work contained repeated changes and conflicts. One
participant also considered a number outside the permissible range of the 3x3 grid. Thus,
although the starting strategy had been introduced to all participants, its application was less
consistent in the lower profile. As shown in Figure 3, students’ work contains frequent errors
and repeated revisions, showing repeated trial-and-error attempts and revisions alongside less

consistent use of a clear starting strategy.
* —

Figure 3. Sample of a KenKen solution produced by a lower-profile participant on the 3x3
grid
Generalization

Generalization was examined through participants’ use of relationships among placed numbers,
cage conditions, and row—column restrictions to determine subsequent possibilities. The
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analysis therefore focused on whether information from one part of the puzzle was used to
constrain decisions in another part.

The higher-profile participants frequently used previously established values to restrict what
could be placed next. S-1 explained, “I noticed that when I chose the number 2 and then 1, then
automatically the last remaining cell in the grid was right for the number 3.” Here, the
participant used values that had already been determined to identify the remaining permissible
value. S-2 similarly considered the row and column before deciding on a placement: “There is
no 2 in this row or column yet, and the other numbers are already there, so this cage must be 2,
so it doesn’t clash.” The written work also showed that these participants used existing
placements to reduce the possible values for subsequent cells. Similar use of existing
placements was also observed in the 4x4 tasks, although occasional incorrect placements were
subsequently revised.

The intermediate participants were able to use individual constraints, but their coordination of
several constraints was less consistent. S-5, for example, recognized a problem after satisfying
the arithmetic condition of a cage: “Oh yes, there is a clash again even though the operation and
rules are already correct.” This response shows that the participant recognized that satisfying
the cage operation alone was not sufficient when another KenKen constraint was violated. In
several instances, however, the conflict was noticed only after a number had already been
placed. The participants then erased or revised the placement.

For S-7 and S-8, conflicts were also commonly addressed after they appeared. S-7 stated,
“Because there is a clash, I’'ll change it again later.” S-8 similarly said, “When there is a clash,
I erase it first, then think again.” These responses show awareness that a conflict required
revision, but the available evidence showed less consistent coordination of cage conditions,
permissible numbers, and row—column restrictions before a placement was made.

Conjecturing

Conjecturing was identified when a participant proposed a possible value or combination and
considered it against the available constraints. Tentative placements, alternative combinations,
and revisions following a conflict were examined as evidence of this process.

The higher-profile participants generally proposed feasible combinations before making or
confirming a placement. S-2 stated, “This must be 3 and 1.” The proposed combination was
considered in relation to the cage requirement and the surrounding grid. When a placement led
to a conflict, participants in this profile were generally able to revise it without the researcher
identifying the source of the error.

S-3 showed a somewhat different approach. The participant recorded several possible number
combinations before placing values in the grid. This provided more direct written evidence of
considering alternatives. However, this strategy was not observed in exactly the same form in
S-1 and S-2. It therefore represents a within-profile difference rather than a characteristic shared
by all higher-profile participants.

The intermediate participants also generated possible combinations, although their
consideration of alternatives was less consistent. S-5 explained, “I tried 3 and 1 first.” S-6 gave

10
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a more explicit account of another possibility: “I started with that one first (3 + 1), I didn’t think
about the 2 + 2 also as another option.” S-6’s explanation shows that one feasible combination
was considered first, while another mathematically possible combination was recognized only
afterwards. The written work of the intermediate participants similarly contained placements
that were later changed when conflicts became apparent.

The lower-profile participants provided less explicit evidence of proposing and checking
feasible alternatives. S-7 stated, “I just put a number.” S-8 referred to the conflict that followed
a placement: “Because there is a clash.” In these cases, the available evidence was more closely
associated with placing a value and responding to a conflict than with explicitly considering
several constraint-based possibilities beforehand. Nevertheless, both participants continued to
revise their work and attempt alternative placements when an initial choice did not work.

Convincing

Convincing was identified when participants provided a mathematical reason for accepting a
placement or rejecting an alternative. The interview explanations were considered together with
the corresponding written work.

The higher-profile participants generally provided clearer reasons based on the arithmetic
operation of a cage and the row—column restrictions. S-2 explained:

“You mainly look for this first, how much is 2 plus 1. For example, say 3 and 1, but 3 is already
here, so I look for something else.”

The explanation connects the arithmetic requirement with the non-repetition rule. The
participant first considered a combination that could satisfy the cage and then rejected it because
one of the values was already present in the relevant row or column.

The intermediate participants were also able to explain some of their decisions, although the
explanations varied in detail. S-5 said, “You just erase it when there is a clash and then think
again.” This response shows an understanding that a placement must be reconsidered when it
violates a constraint. However, the response explains the corrective action more clearly than
the mathematical basis for selecting the next value. The evidence of convincing was therefore
present but less explicit in some of the intermediate participants’ responses.

The lower-profile participants had greater difficulty articulating the reasons behind their
placements. In some interview exchanges, they could describe what they did but were unable
to provide a complete mathematical explanation for why a particular value was acceptable. For
example, S-7 stated, “If my friend asks why my answer is correct, I tell them to calculate it
themselves.” This response does not provide a mathematical reason for the participant’s answer.
Similar instances occurred in which the written work showed attempts to solve the puzzle, while
the subsequent interview did not provide sufficient evidence to classify the explanation as a
complete justification. The absence of an explicit explanation was therefore treated as limited
evidence of convincing, rather than as evidence that the participant had no reasoning.

Differences across tasks and profiles

11
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The 3x3 and 4x4 tasks differed in the demands they placed on participants’ problem solving.
The higher-profile participants generally completed the 3x%3 tasks accurately and relatively
independently. On the 4x4 tasks, they occasionally made incorrect placements but were
generally able to identify and revise them after receiving the general prompt to check their
solutions.

The intermediate participants showed a similar understanding of the basic rules but required
more revisions as the tasks became more demanding. These revisions were generally related to
conflicts among the cage operation, target value, permissible numbers, and row—column
restrictions. In one instance, a participant required more direct clarification to locate the source
of an error.

S-7 and S-8 showed the greatest difficulty when several constraints had to be considered
together. They required repeated clarification during the task session and continued to revise
their placements. Both attempted the 4x4 tasks, but neither completed them before the allocated
classroom time ended. Their incomplete work was retained as evidence of their problem-
solving activity.

Overall, the four mathematical thinking processes were evident across the participants, but the
evidence differed in clarity and consistency. The higher-profile participants more often used
available constraints to guide their next step before making a placement and provided clearer
explanations of their decisions. The intermediate participants demonstrated similar processes
with more revisions and greater variation across tasks. The lower-profile participants showed
greater difficulty coordinating several constraints at the same time and more often identified
problems after a conflict had already occurred.

Importantly, these differences were observed within the KenKen problem-solving activities.
The initial profiles were based on response patterns in the introductory KenKen task and should
therefore not be interpreted as measures of participants’ general mathematical ability.

Discussion

This study examined how specialization, generalization, conjecturing, and convincing appeared
in Grade 8 students’ mathematical thinking while solving KenKen puzzles. The findings do not
suggest a simple progression from one process to the next. Rather, the four processes appeared
in interaction as students selected starting points, used available constraints, proposed or revised
values, and explained their decisions. The main contribution of the study is therefore not simply
that different students showed different levels of mathematical thinking, but that KenKen made
visible differences in how students coordinated several forms of reasoning within the same
problem-solving activity.

The findings concerning specialization show that the starting point selected by a student can
shape the subsequent problem-solving process. Participants in the higher profile generally used
highly constrained cages as entry points, whereas participants in the lower profile had greater
difficulty deciding where to begin. This distinction should be interpreted in light of the
instructional context: all participants had previously been introduced to the strategy of
beginning with an easy or highly constrained cage. Thus, the finding does not show that higher-

12
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profile students independently discovered specialization. Instead, it shows differences in how
readily students applied an available strategy when faced with a new puzzle. This extends the
discussion of specialization beyond the identification of a “good” starting point. In the KenKen
context, specialization functioned as an early decision that reduced the number of possibilities
available for later reasoning. This interpretation is consistent with research emphasizing the
importance of context-specific strategies in non-routine problem solving (Foster, 2023).

The differences in specialization also help explain why the participants did not simply differ in
the amount of trial-and-error they used. The lower-profile participants did engage in repeated
attempts, but their difficulty was often visible earlier, when deciding where to start and which
constraints to use. This is relevant to Stacey’s account of specialization because it suggests that
the usefulness of a special case depends not merely on selecting a simpler part of a problem,
but on recognizing why that part provides useful information for subsequent steps (Stacey,
2006). Research on weaker problem-solving performance similarly points to difficulties in
representing a problem and establishing an effective starting point (Schoenfeld, 1992). In the
present study, however, the evidence suggests that students’ difficulties were particularly
apparent when several KenKen constraints had to be considered together.

Generalization provided a more distinctive view of the differences among participants. The
higher-profile participants did not simply identify numerical patterns. They used previously
established values to restrict later possibilities and connected information from cages with row
and column constraints. In other words, the relevant form of generalization in this setting was
relational: information obtained in one part of the puzzle was used to determine what remained
possible elsewhere. This finding is important because it places generalization in a concrete
problem-solving setting rather than treating it only as the recognition of a broad mathematical
rule. It is consistent with accounts of generalization as the identification and extension of
relationships from particular cases (Ellis et al., 2022; Hashemi et al., 2013), but the KenKen
tasks show how such relationships can operate simultaneously at local and grid levels.

The intermediate participants illustrate why this coordination matters. They could often satisfy
the arithmetic requirement of a cage but sometimes recognized a row or column conflict only
after placing a number. Their revisions therefore did not necessarily reflect a lack of
understanding of the individual rules. Rather, the difficulty was in coordinating rules that had
to be considered at the same time. This distinction is important because describing these
students simply as “trial-and-error” would overlook the reasoning that was already present in
their work. Their responses are more consistent with developing planning and monitoring, as
described in research on mathematical problem solving (Schoenfeld, 1992). The lower-profile
participants showed this difficulty more strongly: conflicts were often noticed after they
occurred, and several constraints had to be clarified repeatedly. The findings therefore suggest
that, in KenKen, the development of generalization is closely connected to the ability to
coordinate local and global constraints rather than merely to recognize a pattern.

The conjecturing findings further complicate a simple high—-medium—low interpretation.
Participants in the higher profile generally proposed feasible combinations and checked them
against the puzzle constraints. However, S-3 differed from S-1 and S-2 by explicitly recording
several possible combinations before placing values in the grid. This within-profile variation is
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theoretically relevant. It shows that participants who were initially grouped within the same
performance profile did not necessarily use the same conjecturing strategy. Thus, the profiles
provide a useful way of organizing the data, but they should not be treated as fixed cognitive
types.

The intermediate participants also provided evidence of conjecturing, although their
consideration of alternatives was less consistent. S-6, for example, initially considered one
feasible combination and only later recognized another possible combination. This suggests
that conjecturing was present even when the process was not fully developed or explicit. The
lower-profile participants more often placed a value and responded to a conflict afterwards,
providing less evidence of an explicitly constraint-based conjecture before placement. The
distinction is therefore not between students who conjectured and students who did not. Rather,
the evidence suggests differences in how explicitly and effectively possible values were
generated, tested, and revised. This interpretation is compatible with research describing
conjecturing as an iterative process of proposing, testing, and revising mathematical
possibilities (Anwar et al., 2024; Komatsu & Jones, 2022). The present study adds that, in
KenKen, this process can be observed directly through the combination of written alternatives,
placements, conflicts, and retrospective explanations.

The findings on convincing also require a cautious interpretation. Higher-profile participants
more often provided reasons that connected cage arithmetic with row—column restrictions.
Their explanations showed that a placement could be accepted not simply because it produced
the required target, but because competing possibilities had been ruled out by another
constraint. This represents a form of mathematical justification grounded in the structure of the
puzzle. It is more appropriate to describe this as constraint-based or informal justification than
as proof, since the participants were not constructing formal mathematical arguments.

The intermediate participants also provided reasons for some decisions, but their explanations
varied in completeness. In several cases, they could explain that a number had to be changed
because it produced a conflict, while providing less detail about why the replacement was valid.
This difference suggests that convincing was not independent of the earlier processes. A student
may be able to identify a possible value and detect a conflict without being able to articulate a
complete reason for the final placement. The lower-profile participants showed the clearest
difficulty in articulating such reasons. Importantly, the absence of a complete verbal
explanation should not be interpreted as proof that no reasoning occurred. The available
evidence only supports the more limited conclusion that the written work and retrospective
interviews did not consistently provide sufficient evidence of a complete justification.

Taken together, these findings suggest a relationship among the four processes that is more
useful than viewing Stacey’s indicators as a sequence of four stages. In the KenKen tasks, a
starting point selected through specialization provided information for subsequent deductions;
those deductions restricted possible values and supported conjectures; conjectures were then
tested against the same constraints; and convincing involved explaining why a placement could
be accepted or rejected. A difficulty at one point could therefore affect later reasoning. For
example, when a student selected an uninformative starting point, subsequent possibilities could
remain broad. When a student considered only one combination, a later conflict could require
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revision. When a student detected a conflict but could not explain why the replacement was
valid, convincing remained limited. This interaction among processes is one of the more
important findings of the study because it illustrates how mathematical thinking processes can
operate together within a single non-routine task.

The role of task complexity also provides an important qualification to the profile differences.
The 3x3 tasks were generally completed more easily, whereas the 4x4 tasks required
participants to coordinate more information and resulted in more revisions, particularly among
the intermediate and lower profiles. The higher-profile participants were also not error-free on
the more demanding tasks; however, they generally identified and corrected errors after a
general prompt. The lower-profile participants attempted the 4x4 tasks but did not complete
them before the available time ended. These observations suggest that the difficulty of the task
influenced how clearly the four processes could be observed. They also caution against
interpreting performance on the introductory 3x3 task as a complete representation of a
student’s mathematical thinking.

The findings have implications for the use of KenKen in mathematics education. The value of
KenKen is not only that it provides an engaging game-based activity. Its structure requires
students to coordinate arithmetic operations, permissible values, cage targets, and row—column
restrictions within the same problem. This makes students’ reasoning processes more visible
than a final correct or incorrect answer alone. Research on game-based learning has reported
positive effects on cognitive outcomes in mathematics (Anggoro et al., 2025; Yao, 2026), while
research on non-routine problem solving emphasizes the importance of exploration, reasoning,
and appropriate support (Oztiirk et al., 2020; Santos-Trigo, 2024). The present findings add a
more specific point: KenKen can provide a context in which teachers can observe not only
whether students solve a puzzle, but also where difficulties arise in the coordination of
mathematical thinking processes.

The need for support was particularly visible among the lower-profile participants. However,
the findings do not suggest that these students simply lacked mathematical reasoning. They
continued to attempt placements, respond to conflicts, ask questions, and revise their work after
clarification. The more defensible interpretation is that they required more external support to
coordinate the constraints independently. This is consistent with the principle underlying the
Zone of Proximal Development, in which appropriate guidance can support students in
performing tasks that they cannot yet manage independently (Utomo & Santoso, 2021). Guided
questioning and gradual transfer of responsibility may therefore be useful when students have
difficulty coordinating multiple constraints, rather than simply providing the correct placement.
Overall, the study contributes to the understanding of mathematical thinking in KenKen by
showing that Stacey’s four processes are observable not as isolated stages, but through the ways
students coordinate information throughout problem solving. The findings also show that
students within the same initial performance profile may use different strategies, as illustrated
particularly by S-3’s explicit recording of alternative combinations. The three profiles are
therefore useful for describing differences in the available evidence, but they should not be
interpreted as fixed categories of mathematical thinking. More broadly, the study suggests that
examining students’ written traces together with their retrospective explanations can reveal
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differences in how they begin a problem, connect constraints, generate possibilities, revise
decisions, and justify placements. This provides a more detailed account of mathematical
thinking than final task accuracy alone.

However, this study has several limitations. First, the study involved only eight students from
one Grade 8 class in a single school, which limits the transferability of the findings to other
contexts. Second, the initial performance profiles were based on students’ response patterns in
an introductory KenKen task rather than on standardized measures of mathematical ability.
Third, the analysis relied on students’ explanations obtained through retrospective interviews
rather than concurrent think-aloud data. These limitations should be considered when
interpreting the findings and suggest the need for further studies involving more diverse
participants and research settings.

Conclusion

This study examined Grade 8 students’ mathematical thinking processes while solving KenKen
puzzles using Stacey’s framework of specialization, generalization, conjecturing, and
convincing. The findings show that these processes were interrelated and became visible as
students selected starting points, coordinated information across cages and rows or columns,
considered possible values, revised placements, and explained their decisions.

The contribution of this study is to provide qualitative evidence of how Stacey’s four
mathematical thinking processes are manifested in KenKen problem solving when students
must coordinate multiple mathematical constraints. The findings show that differences among
students were evident not only in whether they reached a correct solution, but also in how they
used and coordinated the available constraints, responded to conflicts, considered alternatives,
and justified their decisions. Written work together with task-based retrospective interviews
therefore provided complementary evidence for examining students’ mathematical thinking
processes.

For classroom practice, KenKen can be used not only as a game-based activity but also as a
structured mathematical task for observing students’ reasoning and identifying areas where
instructional support may be needed. In particular, students who experience difficulty
coordinating several constraints may benefit from prompts that direct attention to relationships
among permissible numbers, cage conditions, and row—column restrictions without directly
providing the solution.

This study does not establish that KenKen improves students’ mathematical thinking, and the
initial performance profiles should not be interpreted as measures of students’ general
mathematical ability. Rather, the findings describe how mathematical thinking processes
appeared in the observed KenKen problem-solving activity. Future research could examine
these processes with larger and more diverse groups of students and investigate how they
develop over a longer period of KenKen-based instruction.
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Abstract

Mathematical thinking in non-routine problem solving involves more than obtaining correct
answers; it also concerns how students select starting points, relate mathematical information,
consider possibilities, and justify their decisions. This study examined how Grade 8 students’
mathematical thinking processes appeared while solving KenKen puzzles using Stacey’s
framework of specialization, generalization, conjecturing, and convincing. A qualitative
descriptive design was used with eight students selected from one Grade 8 class based on
contrasting response patterns in an introductory KenKen task. Data were collected from
students’ written solutions to four KenKen puzzles and task-based retrospective interviews and
were analyzed deductively using operational definitions of the four processes. The findings
show that the four processes were interrelated and varied across the initial performance profiles.
Students in the higher profile more consistently coordinated puzzle constraints, generated and
checked possible combinations, and provided mathematical justifications. Students in the
intermediate profile demonstrated similar processes but with more revisions, particularly on the
4x4 tasks. Students in the lower profile experienced greater difficulty coordinating permissible
numbers, cage conditions, and row—column restrictions. The study contributes qualitative
evidence of how Stacey’s four mathematical thinking processes become visible when students
solve a puzzle requiring simultaneous coordination of multiple constraints. The findings also
suggest that KenKen can provide teachers with a structured context for observing students’
reasoning and identifying areas where instructional support is needed.
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Introduction

Mathematics education is expected to develop students’ ability to reason, make connections,
and solve problems that cannot be addressed through routine procedures alone. These abilities
are particularly important in the context of 21st-century learning, where students are expected
to apply mathematical knowledge flexibly rather than only perform calculations (Vural & Vural,
2021; Yalti Duma et al., 2024). At the junior high school level, students encounter increasingly
complex mathematical situations that require them to coordinate numerical information,
recognize relationships, and justify their decisions. However, Indonesian students’ performance
in international assessments continues to indicate difficulties in applying mathematics to
problems that require reasoning and problem solving beyond familiar procedures (Nusantara et
al., 2025). This suggests the importance of examining not only whether students obtain a correct
answer, but also how they reason while working through a mathematical problem.
Mathematical thinking involves more than computational fluency. It includes the ways students
explore particular cases, identify relationships, consider possible solutions, and provide reasons
for their conclusions. Schoenfeld (1992) described mathematical thinking as an intellectual
activity in which students make sense of mathematical situations and regulate their problem-
solving activity. Such processes are particularly relevant when students encounter non-routine
problems, because a known procedure may not directly determine the next step. Research has
shown that students who are accustomed to procedural learning may continue to apply familiar
procedures when faced with unfamiliar problems, even when those procedures are not
appropriate (Nguyen et al., 2020). Examining students’ mathematical thinking during non-
routine tasks can therefore provide information that is not visible from final answers alone.
Game-based learning provides one context in which such problem-solving activity can be
examined. Mathematical games can engage students in tasks that require exploration, decision
making, and repeated checking while also providing a structured set of rules and goals
(Cujdikova & Vankus, 2021). Recent research has reported positive associations between
game-based learning and outcomes such as engagement, motivation, creativity, and reflective
thinking (Khoo et al., 2025). However, much of this literature has focused on learning outcomes
or affective responses. Less attention has been given to the reasoning processes that occur while
students are actually solving mathematical game tasks, particularly how students move between
considering particular cases, identifying relationships, proposing possibilities, and explaining
why a solution is acceptable.

KenKen provides a useful setting for examining these processes because solving a puzzle
requires students to coordinate several constraints at the same time. Each cage contains an
arithmetic operation and a target value, while the grid imposes restrictions on the numbers that
may be placed and prohibits repetition within rows and columns. A student may therefore need
to begin with a highly constrained part of the puzzle, use information from already placed
numbers to reduce subsequent possibilities, consider alternative number combinations, and
check whether a proposed placement satisfies the relevant constraints. When a placement
creates a conflict, the student may need to revise the proposed solution and reconsider the
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available possibilities. These features make the reasoning process observable through both
students’ written work and their explanations of how they solved the puzzle.

This characteristic of KenKen is particularly relevant to Stacey’s framework of mathematical
thinking, which identifies four processes: specialization, generalization, conjecturing, and
convincing (Mason et al., 2010). In solving a KenKen puzzle, specialization can be observed
when students select a particular or highly constrained case as a starting point; generalization
when they use relationships among previous placements and puzzle constraints to determine
further possibilities; conjecturing when they propose and test a possible value or combination;
and convincing when they provide a mathematical reason for accepting or rejecting a
placement. The four processes are not necessarily separate stages. A student may move between
proposing a possibility, checking it against constraints, revising it, and explaining the decision
during the same problem-solving episode.

Previous research has recognized KenKen as a mathematical puzzle that can support
mathematical reasoning and provide opportunities for students to engage with arithmetic and
logical relationships (Lipscomb, 2015; Reiter et al., 2011). However, the existing literature does
not sufficiently describe how students’ mathematical thinking processes are manifested while
they solve KenKen puzzles, particularly when the analysis is organized around Stacey’s four
processes. There is therefore a need for qualitative evidence showing what students actually do
and explain when these processes occur, and how the evidence differs among students with
different initial performance patterns. In particular, less is known about how these four
processes interact within the same KenKen problem-solving episode as students coordinate
multiple puzzle constraints. This is especially relevant for junior high school students, for whom
the transition from procedural calculation to more flexible mathematical reasoning is an
important part of mathematical learning.

The present study addresses this gap by examining Grade 8 students’ mathematical thinking
processes while solving KenKen puzzles through Stacey’s framework of specialization,
generalization, conjecturing, and convincing. Rather than evaluating KenKen primarily in terms
of achievement or motivation, the study focuses on the reasoning visible in students’ written
solutions and task-based retrospective interview explanations. The study therefore asks how
these four mathematical thinking processes appear in students’ problem solving and how their
manifestations differ across the initial KenKen performance profiles identified from the
introductory task. By focusing on the processes underlying students’ solutions, the study aims
to provide a more detailed account of mathematical thinking during KenKen problem solving
and to clarify the pedagogical potential of KenKen as a context for observing and supporting
such thinking.

Methods

This study employed a qualitative descriptive design to examine Grade 8 students’
mathematical thinking while solving KenKen puzzles. This design was selected because the
study focused on describing participants’ written problem-solving actions and retrospective
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explanations rather than testing an intervention or establishing causal relationships (Doyle et
al., 2009).

The analysis drew on Stacey’s four mathematical thinking processes: specialization,
generalization, conjecturing, and convincing (Aiyub et al., 2024). These processes were treated
as interrelated analytical categories rather than as stages that necessarily occurred in a fixed
sequence. The unit of analysis was each participant’s problem-solving process as represented
in the written task sheets and audio-recorded task-based retrospective interviews. Table 1
presents the operational definitions used in this study.

Table 1. Operational definitions of Stacey’s mathematical thinking processes

Indicator Operational Definition Evidence examined in
KenKen tasks
Specialization Trying special cases or working from | Selection of a starting
simpler, highly constrained elements | cage, prioritized use of
of a problem to gather information single-cell or heavily
and establish a starting point. constrained cages, and

explanations of why the
solution process began
at a specific point.

Generalization | Identifying patterns, underlying Elimination of invalid
relationships, or general rules from numbers across
observed instances and applying rows/columns, reuse of
them to deduce further constraints. remaining permissible

values, and
coordination of local
cage rules with broader
grid constraints.

Conjecture Formulating a plausible statement, Proposal of feasible
hypothesis, or tentative solution number combinations,
based on available mathematical trial placements,
evidence and testing it against notation of alternative
constraints possibilities, and

revisions made after
encountering a logical
conflict.

Convincing Providing mathematical reasons to Verbal or written
justify why a placement is accepted | reasoning grounded in
or rejected cage arithmetic
operations, target
values, domain of

permissible numbers,
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and row—column non-

repetition rules.

The study was conducted during the odd semester of the 2025/2026 academic year in one Grade
8 class at SMP Negeri 8 Banda Aceh, Indonesia. The university issued a research-permission
letter, and the school approved the research activities. Students were informed about the follow-
up tasks, interviews, and audio recording, and participation was voluntary. The participating
students agreed to take part in the interviews and audio recording. Students’ identities were
protected through participant codes (S-1 to S-8), and the recorded interview data were used
only for research purposes.

The class consisted of 30 students. Before participant selection, the first author reviewed basic
arithmetic operations and introduced the KenKen rules to the class. These included the
permissible number range for each grid, the arithmetic operation and target within each cage,
and the prohibition against repeating a number in the same row or column. Students were also
advised to begin with an easy or highly constrained cage, such as a single-cell cage.

All 30 students then attempted an introductory 3x3 addition—subtraction KenKen puzzle. The
researcher noted differences in correctness, relative independence, errors, revisions, and need
for clarification. Students showing contrasting response patterns were invited to take part in the
main tasks and interviews, and eight agreed to participate.

For analysis and reporting, the eight participants were retrospectively organized into three
initial KenKen performance profiles. S-1, S-2, and S-3 formed the higher initial performance
profile because they completed the introductory task correctly and relatively independently. S-
4, S-5, and S-6 formed the intermediate profile because they generally understood the rules but
made errors or revisions. S-7 and S-8 formed the lower profile because they had difficulty
coordinating several KenKen rules and required repeated clarification or correction.

The profiles were based only on response patterns observed during the introductory KenKen
activity. They were not derived from standardized mathematics tests, numerical cut-offs, report-
card grades, or teacher recommendations and did not represent the participants’ general
mathematical ability. The teacher was not involved in participant selection or categorization.
Codes S-1 to S-8 were used to protect the participants’ identities.

The main instrument consisted of four KenKen puzzles obtained from the collection published
by the Michigan State University Department of Mathematics (2023). The numerical values
and cage structures were used without modification. The task set comprised a 3x3 addition—
subtraction puzzle, a 3x3 multiplication—division puzzle, a 4x4 addition—subtraction puzzle,
and a 4x4 multiplication—division puzzle. The four tasks were selected because their cage
structures and grid constraints required students to coordinate arithmetic conditions with row—
column restrictions, thereby providing opportunities for observing the four Stacey processes.
The tasks were administered in the same order to all participants, beginning with the 3x3
puzzles and continuing with the 4x4 puzzles. Each puzzle required participants to coordinate
the permissible number range, cage operation, cage target, and row—column non-repetition rule.
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No pilot study was conducted before data collection. During manuscript preparation, the second
author checked the alignment among the task characteristics, the available student evidence,
Stacey’s analytical processes, and the reported interpretations.

S-1 to S-6 completed all four tasks. S-7 and S-8 attempted both 33 tasks but did not complete
the two 4x4 tasks before the allocated classroom time ended. Their incomplete work was
retained as evidence of their problem-solving activity.

The primary data sources were the participants’ written KenKen task sheets and documented
excerpts from individual task-based retrospective interviews. Task-based interviews are used
in mathematics education to investigate students’ thinking through interaction around one or
more mathematical tasks (Johnson et al., 2025; Maher & Sigley, 2020).

Data collection took place in two stages. First, participants worked individually on the four
KenKen tasks. The researcher observed their starting points, number placements, questions,
erasures, corrections, and revisions. The written sheets preserved visible traces such as crossed-
out numbers, rewritten values, alternative combinations, and incomplete placements.
Clarification was provided when participants had difficulty recalling or applying the KenKen
rules. For participants in the higher and intermediate profiles, incorrect or nearly completed
solutions were usually followed by a general prompt: “There is still an error; please check
again.” The researcher did not identify the incorrect cell or provide the correct answer. Most
participants located and revised the error after this prompt, although one intermediate-profile
participant required more direct guidance. Participants in the lower profile received additional
clarification when they had difficulty applying the permissible-number, cage-operation, target,
or row—column rules.

After completing or attempting the tasks, each participant took part in an individual
retrospective interview based on their written work. Participants were asked to explain how
they began solving a puzzle, why they chose particular cages or values, which combinations
they considered, how they recognized an invalid placement, and why they revised an answer.
The interviews were conducted after task completion and were therefore treated as retrospective
interviews rather than concurrent think-aloud sessions. Observations made during the tasks
were used to identify particular actions or revisions for further discussion, but they were not
analyzed as a separate source of data. The interview excerpts presented in the Results were
drawn from the interview records and corresponding written task sheets. They were translated
into English and lightly edited for clarity while preserving the intended meaning.

The written task sheets and interview excerpts were analyzed deductively using the four
categories presented in Table 1. The analysis followed the Miles and Huberman model,
involving data condensation, data display, and conclusion (Mezmir, 2020).

The data were organized by participant and task. Each task sheet was examined for the
participant’s starting point, number placements, possible combinations, erasures, corrections,
conflicts, and incomplete work. These written traces were compared with the corresponding
interview explanations and coded as specialization, generalization, conjecturing, or convincing.
The coding focused on the reasoning visible in the available evidence rather than on the
correctness of the final answer alone. A correct solution was not considered sufficient evidence
of convincing unless the participant provided a reason for the placement. A placement was
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coded as conjecturing only when the written work or interview explanation showed that the
participant had proposed and checked a possible value or combination.

The analysis first examined how the four processes appeared across each participant’s available
tasks, including differences between the 3x3 and 4x4 puzzles. Participants were then compared
across the three initial KenKen performance profiles, with attention to how they coordinated
permissible numbers, cage operations and targets, and row—column constraints. Differences
among participants within the same profile were retained.

The profiles were used to organize the comparison and were not treated as explanations for
participants’ performance. Stacey’s four processes were also not assumed to follow a fixed
sequence, as participants could move between proposing, checking, revising, and explaining a
placement.

To check the interpretations, the first author compared the interview explanations with the
corresponding written work. The second author reviewed whether the available evidence
supported the assigned categories and the interpretations reported in the manuscript.
Differences were discussed and the analysis was revised where necessary. Cases that did not
follow the broader pattern of a profile were retained.

The university issued a research-permission letter, and the school approved the research
activities. Students were informed about the follow-up tasks, interviews, and audio recording,
and participation was voluntary. The participating students agreed to take part in the interviews
and audio recording. Participant identities were protected using codes (S-1 to S-8), and the
recordings were used solely for research purposes. Eight students agreed to participate. Codes
S-1 to S-8 were used in the research records and manuscript to protect their identities.

Results

The analysis identified specialization, generalization, conjecturing, and convincing in the
participants’ solutions to the KenKen tasks. The four processes were not equally evident across
participants. Differences were observed in how participants selected starting points, used
relationships among constraints, considered possible values, and explained their decisions. The
three initial KenKen performance profiles are used below to organize these differences rather
than to represent general levels of mathematical ability.

Table 2. Initial KenKen Performance Profiles

No Participant Initial KenKen Characteristics
Code Performance Profile
1 S-1 Higher Completed the task correctly and
relatively independently
2 S-2 Higher Completed the task correctly and
relatively independently
3 S-3 Higher Completed the task correctly and

relatively independently; recorded
possible combinations before placement



Author One, Author Two, Author Three

4 S-4 Intermediate Understood the basic rules but made
errors and revisions

5 S-5 Intermediate Understood the basic rules but made
errors and revisions

6 S-6 Intermediate Understood the basic rules but made
errors and revisions

7 S-7 Lower Had difficulty coordinating several
KenKen constraints and required
repeated clarification

8 S-8 Lower Had difficulty coordinating several
KenKen constraints and required
repeated clarification

Specialization

In this study, specialization was observed in how participants selected a particular part of the
puzzle as a starting point. Because all participants had previously been advised to begin with
an easy or highly constrained cage during the introduction to KenKen, the analysis focused on
how they applied this strategy when solving the research tasks.

The higher-profile participants generally began with highly constrained cages. S-1 explained,
“I started with the one that only has one box.” S-2 similarly stated, “I chose the easiest one
first.” Their written work showed that these initial choices were followed by further placements
with fewer visible revisions on the 3%3 tasks. On the 4x4 tasks, they made occasional errors
but were generally able to locate and revise them after receiving the general prompt to check
their work. The researcher did not identify the incorrect cell or provide the answer. As shown
in Figure 1, Sample of KenKen Solutions Produced by Higher-Profile Participants on the 3x3
Grid

m T ey WL W .

Figure 1. Sample of a KenKen solution produced by a higher-profile participant on the 3x3
grid
The intermediate participants were also able to begin solving the puzzles, although their
explanations for the initial choice were less explicit. S-4 stated, ‘I just tried this part first.” The
corresponding written work showed that the participant began with the selected cage before
moving to other parts of the grid. This was treated as evidence of specialization because the
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participant used a particular part of the puzzle as the starting point, although the interview did
not provide a clear explanation of why that cage was selected. The written solutions of S-4, S-
5, and S-6 contained more revisions than those of the higher-profile participants, particularly
on the 4x4 tasks. As shown in Figure 2, the students’ written work contained incorrect number
placements and subsequent revisions, alongside less explicit evidence of a clear starting
strategy.

Figure 2. Sample of a KenKen solution produced by an intermediate-profile participant on
the 3x3 grid
The lower-profile participants showed greater difficulty deciding where to begin. S-7 stated,
“While working on it, I did try many times. I was confused about where to start.” S-8 also
showed difficulty applying the permissible-number rule together with the row—column
restriction, stating, “I thought any number could be used, as long as it wasn’t the same in the
same row or column.” Their written work contained repeated changes and conflicts. One
participant also considered a number outside the permissible range of the 3x3 grid. Thus,
although the starting strategy had been introduced to all participants, its application was less
consistent in the lower profile. As shown in Figure 3, students’ work contains frequent errors
and repeated revisions, showing repeated trial-and-error attempts and revisions alongside less

consistent use of a clear starting strategy.
* —

Figure 3. Sample of a KenKen solution produced by a lower-profile participant on the 3x3
grid
Generalization

Generalization was examined through participants’ use of relationships among placed numbers,
cage conditions, and row—column restrictions to determine subsequent possibilities. The
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analysis therefore focused on whether information from one part of the puzzle was used to
constrain decisions in another part.

The higher-profile participants frequently used previously established values to restrict what
could be placed next. S-1 explained, “I noticed that when I chose the number 2 and then 1, then
automatically the last remaining cell in the grid was right for the number 3.” Here, the
participant used values that had already been determined to identify the remaining permissible
value. S-2 similarly considered the row and column before deciding on a placement: “There is
no 2 in this row or column yet, and the other numbers are already there, so this cage must be 2,
so it doesn’t clash.” The written work also showed that these participants used existing
placements to reduce the possible values for subsequent cells. Similar use of existing
placements was also observed in the 4x4 tasks, although occasional incorrect placements were
subsequently revised.

The intermediate participants were able to use individual constraints, but their coordination of
several constraints was less consistent. S-5, for example, recognized a problem after satisfying
the arithmetic condition of a cage: “Oh yes, there is a clash again even though the operation and
rules are already correct.” This response shows that the participant recognized that satisfying
the cage operation alone was not sufficient when another KenKen constraint was violated. In
several instances, however, the conflict was noticed only after a number had already been
placed. The participants then erased or revised the placement.

For S-7 and S-8, conflicts were also commonly addressed after they appeared. S-7 stated,
“Because there is a clash, I’'ll change it again later.” S-8 similarly said, “When there is a clash,
I erase it first, then think again.” These responses show awareness that a conflict required
revision, but the available evidence showed less consistent coordination of cage conditions,
permissible numbers, and row—column restrictions before a placement was made.

Conjecturing

Conjecturing was identified when a participant proposed a possible value or combination and
considered it against the available constraints. Tentative placements, alternative combinations,
and revisions following a conflict were examined as evidence of this process.

The higher-profile participants generally proposed feasible combinations before making or
confirming a placement. S-2 stated, “This must be 3 and 1.” The proposed combination was
considered in relation to the cage requirement and the surrounding grid. When a placement led
to a conflict, participants in this profile were generally able to revise it without the researcher
identifying the source of the error.

S-3 showed a somewhat different approach. The participant recorded several possible number
combinations before placing values in the grid. This provided more direct written evidence of
considering alternatives. However, this strategy was not observed in exactly the same form in
S-1 and S-2. It therefore represents a within-profile difference rather than a characteristic shared
by all higher-profile participants.

The intermediate participants also generated possible combinations, although their
consideration of alternatives was less consistent. S-5 explained, “I tried 3 and 1 first.” S-6 gave
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a more explicit account of another possibility: “I started with that one first (3 + 1), I didn’t think
about the 2 + 2 also as another option.” S-6’s explanation shows that one feasible combination
was considered first, while another mathematically possible combination was recognized only
afterwards. The written work of the intermediate participants similarly contained placements
that were later changed when conflicts became apparent.

The lower-profile participants provided less explicit evidence of proposing and checking
feasible alternatives. S-7 stated, “I just put a number.” S-8 referred to the conflict that followed
a placement: “Because there is a clash.” In these cases, the available evidence was more closely
associated with placing a value and responding to a conflict than with explicitly considering
several constraint-based possibilities beforehand. Nevertheless, both participants continued to
revise their work and attempt alternative placements when an initial choice did not work.

Convincing

Convincing was identified when participants provided a mathematical reason for accepting a
placement or rejecting an alternative. The interview explanations were considered together with
the corresponding written work.

The higher-profile participants generally provided clearer reasons based on the arithmetic
operation of a cage and the row—column restrictions. S-2 explained:

“You mainly look for this first, how much is 2 plus 1. For example, say 3 and 1, but 3 is already
here, so I look for something else.”

The explanation connects the arithmetic requirement with the non-repetition rule. The
participant first considered a combination that could satisfy the cage and then rejected it because
one of the values was already present in the relevant row or column.

The intermediate participants were also able to explain some of their decisions, although the
explanations varied in detail. S-5 said, “You just erase it when there is a clash and then think
again.” This response shows an understanding that a placement must be reconsidered when it
violates a constraint. However, the response explains the corrective action more clearly than
the mathematical basis for selecting the next value. The evidence of convincing was therefore
present but less explicit in some of the intermediate participants’ responses.

The lower-profile participants had greater difficulty articulating the reasons behind their
placements. In some interview exchanges, they could describe what they did but were unable
to provide a complete mathematical explanation for why a particular value was acceptable. For
example, S-7 stated, “If my friend asks why my answer is correct, I tell them to calculate it
themselves.” This response does not provide a mathematical reason for the participant’s answer.
Similar instances occurred in which the written work showed attempts to solve the puzzle, while
the subsequent interview did not provide sufficient evidence to classify the explanation as a
complete justification. The absence of an explicit explanation was therefore treated as limited
evidence of convincing, rather than as evidence that the participant had no reasoning.

Differences across tasks and profiles
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The 3x3 and 4x4 tasks differed in the demands they placed on participants’ problem solving.
The higher-profile participants generally completed the 3x%3 tasks accurately and relatively
independently. On the 4x4 tasks, they occasionally made incorrect placements but were
generally able to identify and revise them after receiving the general prompt to check their
solutions.

The intermediate participants showed a similar understanding of the basic rules but required
more revisions as the tasks became more demanding. These revisions were generally related to
conflicts among the cage operation, target value, permissible numbers, and row—column
restrictions. In one instance, a participant required more direct clarification to locate the source
of an error.

S-7 and S-8 showed the greatest difficulty when several constraints had to be considered
together. They required repeated clarification during the task session and continued to revise
their placements. Both attempted the 4x4 tasks, but neither completed them before the allocated
classroom time ended. Their incomplete work was retained as evidence of their problem-
solving activity.

Overall, the four mathematical thinking processes were evident across the participants, but the
evidence differed in clarity and consistency. The higher-profile participants more often used
available constraints to guide their next step before making a placement and provided clearer
explanations of their decisions. The intermediate participants demonstrated similar processes
with more revisions and greater variation across tasks. The lower-profile participants showed
greater difficulty coordinating several constraints at the same time and more often identified
problems after a conflict had already occurred.

Importantly, these differences were observed within the KenKen problem-solving activities.
The initial profiles were based on response patterns in the introductory KenKen task and should
therefore not be interpreted as measures of participants’ general mathematical ability.

Discussion

This study examined how specialization, generalization, conjecturing, and convincing appeared
in Grade 8 students’ mathematical thinking while solving KenKen puzzles. The findings do not
suggest a simple progression from one process to the next. Rather, the four processes appeared
in interaction as students selected starting points, used available constraints, proposed or revised
values, and explained their decisions. The main contribution of the study is therefore not simply
that different students showed different levels of mathematical thinking, but that KenKen made
visible differences in how students coordinated several forms of reasoning within the same
problem-solving activity.

The findings concerning specialization show that the starting point selected by a student can
shape the subsequent problem-solving process. Participants in the higher profile generally used
highly constrained cages as entry points, whereas participants in the lower profile had greater
difficulty deciding where to begin. This distinction should be interpreted in light of the
instructional context: all participants had previously been introduced to the strategy of
beginning with an easy or highly constrained cage. Thus, the finding does not show that higher-
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profile students independently discovered specialization. Instead, it shows differences in how
readily students applied an available strategy when faced with a new puzzle. This extends the
discussion of specialization beyond the identification of a “good” starting point. In the KenKen
context, specialization functioned as an early decision that reduced the number of possibilities
available for later reasoning. This interpretation is consistent with research emphasizing the
importance of context-specific strategies in non-routine problem solving (Foster, 2023).

The differences in specialization also help explain why the participants did not simply differ in
the amount of trial-and-error they used. The lower-profile participants did engage in repeated
attempts, but their difficulty was often visible earlier, when deciding where to start and which
constraints to use. This is relevant to Stacey’s account of specialization because it suggests that
the usefulness of a special case depends not merely on selecting a simpler part of a problem,
but on recognizing why that part provides useful information for subsequent steps (Stacey,
2006). Research on weaker problem-solving performance similarly points to difficulties in
representing a problem and establishing an effective starting point (Schoenfeld, 1992). In the
present study, however, the evidence suggests that students’ difficulties were particularly
apparent when several KenKen constraints had to be considered together.

Generalization provided a more distinctive view of the differences among participants. The
higher-profile participants did not simply identify numerical patterns. They used previously
established values to restrict later possibilities and connected information from cages with row
and column constraints. In other words, the relevant form of generalization in this setting was
relational: information obtained in one part of the puzzle was used to determine what remained
possible elsewhere. This finding is important because it places generalization in a concrete
problem-solving setting rather than treating it only as the recognition of a broad mathematical
rule. It is consistent with accounts of generalization as the identification and extension of
relationships from particular cases (Ellis et al., 2022; Hashemi et al., 2013), but the KenKen
tasks show how such relationships can operate simultaneously at local and grid levels.

The intermediate participants illustrate why this coordination matters. They could often satisfy
the arithmetic requirement of a cage but sometimes recognized a row or column conflict only
after placing a number. Their revisions therefore did not necessarily reflect a lack of
understanding of the individual rules. Rather, the difficulty was in coordinating rules that had
to be considered at the same time. This distinction is important because describing these
students simply as “trial-and-error” would overlook the reasoning that was already present in
their work. Their responses are more consistent with developing planning and monitoring, as
described in research on mathematical problem solving (Schoenfeld, 1992). The lower-profile
participants showed this difficulty more strongly: conflicts were often noticed after they
occurred, and several constraints had to be clarified repeatedly. The findings therefore suggest
that, in KenKen, the development of generalization is closely connected to the ability to
coordinate local and global constraints rather than merely to recognize a pattern.

The conjecturing findings further complicate a simple high—-medium—low interpretation.
Participants in the higher profile generally proposed feasible combinations and checked them
against the puzzle constraints. However, S-3 differed from S-1 and S-2 by explicitly recording
several possible combinations before placing values in the grid. This within-profile variation is
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theoretically relevant. It shows that participants who were initially grouped within the same
performance profile did not necessarily use the same conjecturing strategy. Thus, the profiles
provide a useful way of organizing the data, but they should not be treated as fixed cognitive
types.

The intermediate participants also provided evidence of conjecturing, although their
consideration of alternatives was less consistent. S-6, for example, initially considered one
feasible combination and only later recognized another possible combination. This suggests
that conjecturing was present even when the process was not fully developed or explicit. The
lower-profile participants more often placed a value and responded to a conflict afterwards,
providing less evidence of an explicitly constraint-based conjecture before placement. The
distinction is therefore not between students who conjectured and students who did not. Rather,
the evidence suggests differences in how explicitly and effectively possible values were
generated, tested, and revised. This interpretation is compatible with research describing
conjecturing as an iterative process of proposing, testing, and revising mathematical
possibilities (Anwar et al., 2024; Komatsu & Jones, 2022). The present study adds that, in
KenKen, this process can be observed directly through the combination of written alternatives,
placements, conflicts, and retrospective explanations.

The findings on convincing also require a cautious interpretation. Higher-profile participants
more often provided reasons that connected cage arithmetic with row—column restrictions.
Their explanations showed that a placement could be accepted not simply because it produced
the required target, but because competing possibilities had been ruled out by another
constraint. This represents a form of mathematical justification grounded in the structure of the
puzzle. It is more appropriate to describe this as constraint-based or informal justification than
as proof, since the participants were not constructing formal mathematical arguments.

The intermediate participants also provided reasons for some decisions, but their explanations
varied in completeness. In several cases, they could explain that a number had to be changed
because it produced a conflict, while providing less detail about why the replacement was valid.
This difference suggests that convincing was not independent of the earlier processes. A student
may be able to identify a possible value and detect a conflict without being able to articulate a
complete reason for the final placement. The lower-profile participants showed the clearest
difficulty in articulating such reasons. Importantly, the absence of a complete verbal
explanation should not be interpreted as proof that no reasoning occurred. The available
evidence only supports the more limited conclusion that the written work and retrospective
interviews did not consistently provide sufficient evidence of a complete justification.

Taken together, these findings suggest a relationship among the four processes that is more
useful than viewing Stacey’s indicators as a sequence of four stages. In the KenKen tasks, a
starting point selected through specialization provided information for subsequent deductions;
those deductions restricted possible values and supported conjectures; conjectures were then
tested against the same constraints; and convincing involved explaining why a placement could
be accepted or rejected. A difficulty at one point could therefore affect later reasoning. For
example, when a student selected an uninformative starting point, subsequent possibilities could
remain broad. When a student considered only one combination, a later conflict could require
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revision. When a student detected a conflict but could not explain why the replacement was
valid, convincing remained limited. This interaction among processes is one of the more
important findings of the study because it illustrates how mathematical thinking processes can
operate together within a single non-routine task.

The role of task complexity also provides an important qualification to the profile differences.
The 3x3 tasks were generally completed more easily, whereas the 4x4 tasks required
participants to coordinate more information and resulted in more revisions, particularly among
the intermediate and lower profiles. The higher-profile participants were also not error-free on
the more demanding tasks; however, they generally identified and corrected errors after a
general prompt. The lower-profile participants attempted the 4x4 tasks but did not complete
them before the available time ended. These observations suggest that the difficulty of the task
influenced how clearly the four processes could be observed. They also caution against
interpreting performance on the introductory 3x3 task as a complete representation of a
student’s mathematical thinking.

The findings have implications for the use of KenKen in mathematics education. The value of
KenKen is not only that it provides an engaging game-based activity. Its structure requires
students to coordinate arithmetic operations, permissible values, cage targets, and row—column
restrictions within the same problem. This makes students’ reasoning processes more visible
than a final correct or incorrect answer alone. Research on game-based learning has reported
positive effects on cognitive outcomes in mathematics (Anggoro et al., 2025; Yao, 2026), while
research on non-routine problem solving emphasizes the importance of exploration, reasoning,
and appropriate support (Oztiirk et al., 2020; Santos-Trigo, 2024). The present findings add a
more specific point: KenKen can provide a context in which teachers can observe not only
whether students solve a puzzle, but also where difficulties arise in the coordination of
mathematical thinking processes.

The need for support was particularly visible among the lower-profile participants. However,
the findings do not suggest that these students simply lacked mathematical reasoning. They
continued to attempt placements, respond to conflicts, ask questions, and revise their work after
clarification. The more defensible interpretation is that they required more external support to
coordinate the constraints independently. This is consistent with the principle underlying the
Zone of Proximal Development, in which appropriate guidance can support students in
performing tasks that they cannot yet manage independently (Utomo & Santoso, 2021). Guided
questioning and gradual transfer of responsibility may therefore be useful when students have
difficulty coordinating multiple constraints, rather than simply providing the correct placement.
Overall, the study contributes to the understanding of mathematical thinking in KenKen by
showing that Stacey’s four processes are observable not as isolated stages, but through the ways
students coordinate information throughout problem solving. The findings also show that
students within the same initial performance profile may use different strategies, as illustrated
particularly by S-3’s explicit recording of alternative combinations. The three profiles are
therefore useful for describing differences in the available evidence, but they should not be
interpreted as fixed categories of mathematical thinking. More broadly, the study suggests that
examining students’ written traces together with their retrospective explanations can reveal
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differences in how they begin a problem, connect constraints, generate possibilities, revise
decisions, and justify placements. This provides a more detailed account of mathematical
thinking than final task accuracy alone.

However, this study has several limitations. First, the study involved only eight students from
one Grade 8 class in a single school, which limits the transferability of the findings to other
contexts. Second, the initial performance profiles were based on students’ response patterns in
an introductory KenKen task rather than on standardized measures of mathematical ability.
Third, the analysis relied on students’ explanations obtained through retrospective interviews
rather than concurrent think-aloud data. These limitations should be considered when
interpreting the findings and suggest the need for further studies involving more diverse
participants and research settings.

Conclusion

This study examined Grade 8 students’ mathematical thinking processes while solving KenKen
puzzles using Stacey’s framework of specialization, generalization, conjecturing, and
convincing. The findings show that these processes were interrelated and became visible as
students selected starting points, coordinated information across cages and rows or columns,
considered possible values, revised placements, and explained their decisions.

The contribution of this study is to provide qualitative evidence of how Stacey’s four
mathematical thinking processes are manifested in KenKen problem solving when students
must coordinate multiple mathematical constraints. The findings show that differences among
students were evident not only in whether they reached a correct solution, but also in how they
used and coordinated the available constraints, responded to conflicts, considered alternatives,
and justified their decisions. Written work together with task-based retrospective interviews
therefore provided complementary evidence for examining students’ mathematical thinking
processes.

For classroom practice, KenKen can be used not only as a game-based activity but also as a
structured mathematical task for observing students’ reasoning and identifying areas where
instructional support may be needed. In particular, students who experience difficulty
coordinating several constraints may benefit from prompts that direct attention to relationships
among permissible numbers, cage conditions, and row—column restrictions without directly
providing the solution.

This study does not establish that KenKen improves students’ mathematical thinking, and the
initial performance profiles should not be interpreted as measures of students’ general
mathematical ability. Rather, the findings describe how mathematical thinking processes
appeared in the observed KenKen problem-solving activity. Future research could examine
these processes with larger and more diverse groups of students and investigate how they
develop over a longer period of KenKen-based instruction.
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